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Abstract
We propose a nonperturbative formulation of the Atiyah-Patodi-Singer(APS) index in lattice
gauge theory, in which the index is given by the η invariant of the domain-wall Dirac operator.
Our definition of the index is always an integer with a finite lattice spacing. To verify this proposal,
using the eigenmode set of the free domain-wall fermion, we perturbatively show in the continuum
limit that the curvature term in the APS theorem appears as the contribution from the massive bulk
extended modes, while the boundary η invariant comes entirely from the massless edge-localized
modes.
1
Topology of gauge fields, which plays a special role in particle physics, is not well-defined
in lattice gauge theory, where the space-time is discretized and the notion of the “manifold”
is lost. However, from a viewpoint of fiber bundles, the fiber space or the space of gauge
fields is still continuous and some geometrical properties remain. For example, imposing a
smoothness condition of the link variables, the topological charge can be defined on a lattice
[1].
A breakthrough was made by Hasenfratz et al. [3] where they formulated the Atiyah-
Singer(AS) index theorem [2] on a finite lattice, using a lattice Dirac operator obeying the
Ginsparg-Wilson(GW) relation [4]. The most popular choice is the overlap Dirac operator
[5]
aDov ≡ 1 + γ5 HW√
H2W
, HW = γ5(DW −m0), (1)
where the lattice spacing is denoted by a, DW is the Wilson-Dirac operator, γ5 is the chirality
operator, and m0 is the cutoff scale mass, often chosen to be 1/a. The index is defined as
I = Trγ5(1− aDov/2). (2)
The chiral symmetry [6] through the GW relation Dovγ5+ γ5Dov = aDovγ5Dov, assures that
the contribution from the nonzero complex modes are all canceled, so are those from the
doubler modes with the real eigenvalue 2/a. Thus I is described by the zero modes only
and its equivalence to the AS index in the continuum limit was confirmed in [7–11].
The lattice formulation of the Atiyah-Patodi-Singer(APS) index theorem [12], which is
an extension of AS theorem to manifolds with boundary, is, however, not known yet. This is
because the APS index in the original set-up required a nonlocal boundary condition, which
is difficult to put on a lattice. Besides, any physically sensible boundary condition is not
compatible with the chiral symmetry. In this work, we employ a mathematically different
formulation recently proposed by three of the authors [13]. The equivalence of the new
formulation with the original APS was mathematically proved in [14] in continuum theory.
Let us go back to the AS index on a periodic lattice. Simply substituting Eq. (1) into
Eq. (2), one may notice that the index is equivalent to a quantity,
I = −1
2
η(HW ) ≡ −1
2
Tr
HW√
H2W
. (3)
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In fact, Eq. (3) gives a good definition of the η invariant ofHW , which is a regularized number
of positive eigenmodes subtracted by that of negative eigenmodes. This fact is suggestive,
in that the index may be defined through massive Wilson Dirac operator, without chiral
symmetry through the GW relation at all. In fact, such attempts [15] were made in the
studies before the formulation of the overlap fermions. However, little was discussed about
a possibility that the η invariant of the massive Dirac operator is as equally important
quantity as the original index in mathematics.
In [14], it was shown in continuum theory that for any APS index on an even-dimensional
Riemannian manifold with boundary, there exists a domain-wall operator acting on a closed
manifold without boundary, sharing its “half” with the original set-up with APS, and its
η invariant is equal to the original APS index. For example, let us consider the four-
dimensional Dirac operator HcDW = γ5(D−Msgn(x4)) where the mass term changes its sign
at the boundary x4 = 0. Then, we can prove with the Pauli-Villars regularization that
−1
2
η(HcDW )
PV reg. =
1
32π2
∫
x4>0
d4xǫµνρσtrFµνFρσ − 1
2
η(iD3D), (4)
where Fµν is the curvature of gauge fields of SU(N), and the second term corresponds to the
η invariant of the massless three-dimensional Dirac operator iD3D on the surface x4 = 0. It
is interesting to note that the new formulation is given on a closed manifold, but the result
reflects only a “half” of it in the region x4 > 0.
The proof includes the case without domain-wall, nor boundary: the AS index is
I = −1
2
η(γ5(D −M))PV reg., (5)
where the Pauli-Villars mass has opposite sign to M . Therefore, the η invariant of the
massive Dirac operator is an equally (or possibly more) fundamental quantity as the original
index of the “massless” Dirac operator. We should note that the chiral symmetry is lost
in the massive Dirac operator and yet the index can be defined. The lattice index theorem
described above “knew” this fact, and the Wilson Dirac operator can define the AS index
on a lattice, by −η(HW )/2, which happens to be the same as that given by the massless
Dov.
It is now natural to speculate that the Wilson Dirac operator with a mass term having
kink structures,
HDW = γ5
[
DW −M1ǫ
(
x4 +
a
2
)
ǫ
(
L4 − a
2
− x4
)
+M2
]
, (6)
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where ǫ(x) = sgn(x), may have an interesting relation to topology. Indeed, the goal of our
paper is to show that the η invariant ofHDW gives a nonperturbative formulation of the APS
index theorem on a lattice. Here, we assume a periodic boundary identifying x4 = L4 and
x4 = −L4 setting L4/a an integer, giving two domain-walls at x4 = −a/2 and x4 = L4−a/2.
We assume M1 > M2 > 0. For the other three directions, we put the periodic boundary
condition with the same periodicity L.
It is good to know that η(HDW ) is guaranteed to be an integer by definition, since HDW
is a Hermitian operator on a finite-dimensional vector space. Moreover, under a condition
that no eigenvalue of HDW crosses zero, its variation is always zero,
δη(HDW ) = 0. (7)
In the rest of this paper, we will perturbatively show
−1
2
η(HDW ) =
1
32π2
∫
0<x4<L4
d4xǫµνρσtrFµνFρσ − 1
2
η(iD3D)|x4=0 +
1
2
η(iD3D)|x4=L4 , (8)
up to O(a) corrections. To simplify the computation, we take the coefficient of the Wilson
term unity, and consider the M1 +M2 →∞ limit with M1 −M2 = M fixed. Then we take
the hierarchical scaling limit |λedge| ≪ M ≪ 1/a, where λedge denotes a typical eigenvalue
of low-lying edge-localized modes. In this limit, the bulk modes have large energy and their
correlations exponentially decay in every direction. Therefore, the density of the η invariant
near x4 = 0 can be locally evaluated using a complete set of semi-infinite space-time in
x4 ≥ 0, and simply interpolated to the result obtained near x4 = L4. For the same reason,
we also treat the momenta in other directions continuous.
Let us consider the eigenproblem of a2H2DW for the free fermion, taking the L4 = ∞
limit. We can take the direct product of the solutions in the xi=1,2,3 directions as the plane
wave ψ3Dp (x) = e
ip·x/
√
(2π)3, having two-spinor components, and that in the x4 direction.
We denote the three momentum by p = (p1, p2, p3). Using abbreviations si = sin(pia), and
ci = cos(pia), the squared domain-wall Dirac operator is expressed by
a2(H0DW )
2 = s2i + θ(x4 + a/2){M2+ − (1 +M+)(a2∇∗4∇4)},
+θ(−x4 − a/2){M2− − (1 +M−)(a2∇∗4∇4)},
+2M1a(P+δx4,−aS
+
4 − P−δx4,0S−4 ), (9)
M± =
∑
i=1,2,3
(1− ci)∓M1a +M2a, (10)
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where θ(x) = (ǫ(x)+1)/2 is the step function, ∇µ and ∇∗µ denote the forward and backward
difference operators, respectively, P± = (1 + γ4)/2, and S
±
µ is a shift operator by the unit
lattice vector µˆa: S±µ f(x) = f(x ± aµˆ). We have three types of the eigenfunctions (in the
x4 direction) of a
2H2DW : (i) edge-localized modes at x4 = 0, (ii) extended modes but only
for x4 ≥ 0, and (iii) extended modes at any x4.
In theM1+M2 →∞ limit withM1−M2 = M fixed, only the eigenmodes of the types (i)
and (ii) survive to form a complete set. They coincide with those for the Shamir domain-wall
fermion [16, 17] on which the simple Dirichlet boundary condition φ(x4) = 0 for x4 < 0 is
imposed. More explicitly, we have
φedge− (x4) =
√
−M+(2 +M+)/ae−Kx4, (11)
φω+(x4) =
1√
2π
(eiω(x4+a) − e−iω(x4+a)), (12)
φω−(x4) =
1√
2π
(Cωe
iωx4 − C∗ωe−iωx4), (13)
in the region x4 ≥ 0, where the subscript ± denotes the eigenvalue of γ4 = ±1,
K = − ln(1 +M+)/a, (14)
Cω = − (1 +M+)e
iωa − 1
|(1 +M+)eiωa − 1| , (15)
and the eigenvalue of a2H2DW is
Λ2 =


s2i (edge)
s2i +M
2
+ − 2(1 +M+)(cosωa− 1) (bulk)
. (16)
Here we choose the fermion mass in the range 0 < Ma < 2, which is required from the
normalizability of the edge-localized modes, or |1 +M+| < 1. This condition eliminates the
contribution from the doubler modes, which have |p|a > π. The edge modes can exist only
in the γ4 = −1 sector. With this complete set, we can separately evaluate the contributions
from the bulk and edge modes.
For the bulk contribution, we consider the density of the η invariant:
−1
2
tr
HDW√
H2DW
(x)bulk = − 1
2
∑
g=±
∫ pi/a
0
dω
∫ pi/a
−pi/a
d3p


[ψ3Dp (x)⊗ φωg (x4)]†tr

Pg HDW√
H2DW
Pg

 [ψ3Dp (x)⊗ φωg (x4)]

 ,
(17)
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rather than its integral form. Here the trace is taken over color and spinor indices only.
Since every bulk mode has a larger energy than M2+, the density is expressed as a local
function. The dependence on the gauge link variables are perturbatively treated as
H2DW = (H
0
DW )
2 +∆H2DW , (18)
∆H2DW = −
1
4
∑
µ,ν
[γµ, γν ][D˜µ, D˜ν ]− γµ[D˜µ, R˜], (19)
where we have neglected terms having no γµ’s, which do not contribute to the index, and
D˜µ =
1
2a
[
eipµa(Uµ(x)S
+
µ − 1)− e−ipµa(S−µ Uµ(x)† − 1)
]
, (20)
R˜ = − 1
2a
∑
µ
[
eipµa(Uµ(x)S
+
µ − 1) +e−ipµa(S−µ Uµ(x)† − 1)
]
, (21)
assuming them to operate on [ψ3Dp (x)⊗ φedge− (x4)].
Note that (H0DW )
2 and ∆H2DW do not commute but their commutator either increase
the order of a (by derivatives) or localized at x4 = 0, a (by γ4), to which the bulk mode’s
propagation is exponentially suppressed. Therefore, we can expand 1/
√
H2DW as if the
operators all commuted. Noting the existence of γ4 in the projection P±, and that of γ5 in
the numerator, those terms having three or four gamma matrix can survive the spinor trace.
After some lengthy but straightforward computations we find that only the first two terms
in the following expression are relevant,
HDW√
H2DW
=
3a4
8
tr
[
γ5M
′
+
γµγνγργσ
4(λ2)5/2
[D˜µ, D˜ν ][D˜ρ, D˜σ](x)
]
+
3a4
8
tr
[
γ5
iγµs
µγνγρ
(λ2)5/2
[D˜ν , D˜ρ][γσD˜
σ, R˜](x)
]
+ · · · , (22)
where M ′+ =M+ + (1− c4) with c4 = cosωa, and all Greek indices are summed.
Substituting the explicit forms of the free domain-wall fermion complete set, and using
the standard expansion Uµ(x) = exp(iaAµ),
[D˜µ, D˜ν] = icµcνFµν +O(a), (23)
[D˜µ, R˜] = icµ
∑
ν
sνFµν +O(a), (24)
we obtain
−1
2
tr
HDW√
H2DW
(x)bulk = (I(M) + IDW (M,x4))
1
32π2
ǫµνρσtrFµνFρσ(x), (25)
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upto O(a) corrections, where
I(M) =
3a4
8π2
∫ pi/a
−pi/a
dωd3p
∏
µ
cµ
(−M ′+ +
∑
ν s
2
ν/cν)
(λ2)5/2
, (26)
which was already evaluated in [10] and I(M) = 1 in the continuum limit, for our choice
0 < Ma < 2. The x4-dependent part
IDW (M,x4) =
3a4
8π2
∫ pi/a
−pi/a
dωd3p
∏
µ
cµ
(−M ′+ +
∑
ν s
2
ν/cν)
(λ2)5/2
(
−C
2
ω + e
2iωa
2
e2iωx4
)
, (27)
is a special contribution due to the domain-wall, but we can show that its integral with
the curvature contribution over x4 in the continuum limit is suppressed by a factor of 1/M .
Therefore, we can conclude I(M) + IDW (M,x4) = 1+O(1/M) and the bulk contribution is
the standard curvature term.
Next, let us evaluate the edge localized contribution. To this end, we reconsider the
eigenproblem for the edge-modes with non-trivial gauge link variables, assuming its x4 de-
pendence is mild. More explicitly, we have, in the U4 = 1 gauge, the equation
aHDWφ(x) = Λφ(x), (28)
aHDW = γ5
[
−P−∇4a+ P+∇∗4a+ aγiDi(x4) +M+(x4))
]
, (29)
whereDi(x4) is the symmetrized covariant difference operator. Note thatD
i(x4) andM+(x4)
depend on x4 through the link variables.
At the leading order of the adiabatic approximation, we have a solution of the form
φ(x) = φ3Dλ(0)(x)⊗ φedge(x4), (30)
where φ3Dλ(0)(x) is an eigenstate of iσiD
i(x4 = 0) with the eigenvalue λ(0), and
φedge(x4) = e
−K(0)x4

 0√
−M+(0)(2 +M+(0))

 , (31)
where e−K(x4)a = (1 +M+(x4)). Here the Dirac representation (γ4 = diag(1,−1)) is em-
ployed. At this leading order, the eigenvalue is Λ = λ(0). Since K(0) = M + O(a), the
orthonormality with the bulk modes which was given in terms of free domain-wall fermion
is guaranteed in the continuum limit.
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In fact, this leading order solution is enough to evaluate the edge mode part, as the
exponential dump allows us to expand the operator in x4, and its dependence is suppressed
as ∑
x4
xn4e
−2K(0)x4 =
1
(−2)n
dn
dK(0)n
1
1− e−2K(0)a ∼ 1/M
n+1. (32)
Therefore, if we take M to be big enough compared to the derivative of the gauge fields,
this adiabatic evaluation is valid.
Now we are ready to compute the edge mode’s contribution to the η invariant. We
emphasize again that the eigenvalue Λ of the domain-wall Dirac operator coincides with
λ(0), the eigenvalue of the boundary Dirac operator. Then the edge mode part becomes
−1
2
Tredge
HDW√
H2DW
= −∑
λ(0)
sgnλ(0)
2
= −1
2
η(iσiD
i)|x4=0. (33)
Note, however, that the above approximation does not hold for higher energy λ(0) ∼ M
where the bulk and edge modes mix. Therefore, the edge mode part alone is not an integer,
and it is difficult to separate the edge and bulk contributions in such an energy region.
In order to evaluate the non-integer part of the edge-localized contribution, let us take
the variation with respect to the link variables. From Eq. (7), we have the explicit bulk-edge
correspondence,
−1
2
δTredge
HDW√
H2DW
=
1
2
δTrbulk
HDW√
H2DW
, (34)
where Trbulk/edge is the trace taken over bulk/edge modes only. Thanks to the locality of the
gapped bulk modes, the right hand side is much easier to perturbatively compute, leading
to
= − 1
16π2
∫
d3xδtrc
[
ε0νρσ
(
Aν∂ρAσ +
2i
3
AνAρAσ
)]
. (35)
Namely, the non-integer part of the edge-localized contribution is the Chern-Simons action,
except for some extra gauge invariant and constant contributions.
So far we have neglected the finiteness of the fourth direction L4. Since its effect in the
bulk is suppressed by e−ML4, in the λedge ≪ M ≪ 1/a limit, we can safely interpolate our
result to that with the anti-domain-wall at x4 = L4 − a/2, and obtain the desired result
already shown in Eq. (8).
In this work, we have shown that the η invariant of the domain-wall fermion Dirac opera-
tor converges to the Atiyah-Patodi-Singer index in the continuum limit. Our definition of the
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index is always an integer at finite lattice spacings, therefore, this achieves a non-perturbative
formulation of the APS index theorem on the lattice. We have also explicitly demonstrated
the cancellation of the parity anomaly, or the Chern-Simons action in the contributions to
the total index. This is an essential property of the bulk-edge correspondence[18, 19].
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